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INDICATOR SEQUENCES AND INDICATOR TOPOLOGIES OF
FORT TRANSFORMATION GROUPS
FATEMAH AYATOLLAH ZADEH SHIRAZI, FATEMEH EBRAHIMIFAR
Abstract. In the following text we prove that there exists a Fort transfor-
mation group with indicator sequence (p0, . . . , pn) if and only if 0 = p0 ≤
p1 ≤ · · · ≤ pn = 1, moreover we characterize all possible indicator topological
spaces of Fort transformation groups. The text will study indicator sequences
and indicator topologies of Fort transformation semigroups too.
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1. Introduction
“Transformation groups” as one of the branches of topological dynamics is one
of the main interests of many specialists. One may be faced several ideas during
his/her studies in transformation groups, including classifying problems and par-
ticular spaces or conditions. One may use several tools to classify the category
of transformation groups, in this text we use indicator sequences and indicator
topologies [1]. Also one may consider special phase spaces like “metric spaces”,
“unit interval”, “compactifications”, “Fort spaces”, etc. [2, 3, 4]. In this text we
pay attention to transformation groups with a Fort space as phase space, let’s recall
that as a matter of fact a Fort space is the smallest compactification of a discrete
space, i.e. one point compactification (or Alexandroff compactification) of a discrete
space.
2. Preliminaries
By a transformation semigroup (group) (Y, S, pi) or simply (Y, S), we mean a com-
pact Hausdorff space Y , a discrete topological semigroup (group) S with identity e
and continuous map pi : Y × S → Y
(x,s) 7→xs
such that:
• ∀x ∈ Y (xe = x),
• ∀x ∈ Y ∀s, t ∈ S (x(st) = (xs)t).
In transformation semigroup (Y, S) we say the nonempty subset Z of Y is invariant,
if ZS := {zs : z ∈ Z, s ∈ S} ⊆ Z. If W is a closed invariant (nonempty) subset of
transformation semigroup (Y, S), suppose h(W ) is the supremmum of all numbers
n ≥ 0 such that there exist distinct Z0 ⊂ · · · ⊂ Zn = W of closed invariant
(nonempty) subsets of (Y, S), we call h(W ) as height of W (see [5]). We denote
h(Y ) also by h(Y, S) to make emphasis on phase semigroup S.
Remark 2.1. In transformation semigroup (Y, S) with for p ∈ {0, 1, 2, . . .}, the
following statements are equivalent [1, Theorem 3.2]:
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• h(Y, S) = p,
• there exists a maximal chain Y0 ⊂ · · · ⊂ Yp = Y of distinct closed invariant
subsets of (Y, S) of length p+ 1,
• {yS : y ∈ Y } has exactly p+ 1 elements.
Now in transformation semigroup (Y, S) with finite height h(Y, S) = p < +∞, by
Remark 2.1 there exists y0, . . . , yp ∈ Y such that {yS : y ∈ Y } = {y0S, . . . , ypS}
we may also suppose h(y0S) ≤ · · · ≤ h(ypS), in this case we call (y0S, · · · , ypS)
the indicator sequence of (Y, S) [1], which is a tool to classify transformation semi-
groups.
Moreover in the transformation semigroup (X,S) we say {xS : x ∈ X} with topo-
logical basis {{yS : y ∈ xS} : x ∈ X} is the indicator topological space of (X,S).
Suppose b ∈ X and consider X with topology {U ⊆ X : b /∈ U ∨X \U is finite}, the
we say X is a Fort space with particular point b [6]. It’s evident that a Fort space is
just one point compactification (Alexandroff compactification) of a discrete space.
Convention. In the following text suppose X is a Fort space with particular
point b.
3. Indicator sequences and indicator topologies of Fort
transformation groups with finite height
In this section we prove that for Fort transformation group (X,S) with h(X,S) =
n < +∞ there are exactly n + 1 possible indicator sequences and n + 1 possible
non homeomorphic indicator topologies. However two Fort transformation groups
(X,S), (Y, S) with finite height have the same indicator sequences if and only if
they have homeomorphic indicator topologies.
Lemma 3.1. In infinite Fort transformation group (X,S) for all x ∈ X , the fol-
lowing statements are equivalent:
• x is a non-minimal point,
• xS is infinite,
• b ∈ xS and {b} is unique proper closed subset of xS,
• h(xS) = 1.
Proof. Use the fact that for all x, y ∈ X we have xS ∩ yS 6= ∅ if and only if
xS = yS, also:
xS =
{
xS xS is finite ,
xS ∪ {b} xS is infinite .
and bS = bS = {b}. 
Lemma 3.2. In infinite Fort space X the collection of all possible indicator se-
quences of transformation groups (X,S) with h(X,S) = n < +∞ is:
Ξ := {(p0, · · · , pn) ∈ {0, 1}
n+1 : 0 = p0 ≤ p1 ≤ · · · ≤ pn = 1} .
Thus there are exactly n possible indicator sequences for (X,S).
Proof. Using Lemma 3.1 and the definition of indicator sequence in infinite Fort
transformation group (X,S) with h(X,S) = n < +∞ the indicator sequence of
(X,S) belongs to {0, 1}n+1, moreover if {xS : x ∈ X} = {x0S, . . . , xnS}, then there
exists i such that xiS is infinite (since X =
⋃
{xS : x ∈ X} =
⋃
{x0S, . . . , xnS}
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is infinite) which leads to h(xiS) = 1. Now suppose (0, · · · , 0︸ ︷︷ ︸
p times
, 1, · · · , 1︸ ︷︷ ︸
q times
) ∈ Ξ,
choose distinct x1 = b, · · · , xp ∈ X and q disjoint one-to-one sequences {x
i
n}n∈Z in
X \ {x1, . . . , xp}. Suppose G is the collection of all permutations f : X → X such
that:
f(x) =
{
x x = x1, . . . , xp ,
xin+1 x = x
i
n, 2 ≤ i ≤ q ,
then:
{xS : x ∈ X} = {xiS : 1 ≤ i ≤ p} ∪ {xi0S : 1 ≤ i ≤ q}
= {X \ ({x2, . . . , xp} ∪ {x
i
n : n ∈ Z, i = 2, . . . , q}),
{b} ∪ {x2n : n ∈ Z}, . . . , {b} ∪ {x
q
n : n ∈ Z},
{b} = {x1}, . . . , {xp}}
has exactly p+ q elements and
0 = h({x1}) = · · · = h({xp})
< 1 = h({b} ∪ {x2n : n ∈ Z}) = · · · = h({b} ∪ {x
q
n : n ∈ Z})
= h(X \ ({x2, . . . , xp} ∪ {x
i
n : n ∈ Z, i = 2, . . . , q}))
which shows (X,S) has indicator sequence (0, · · · , 0︸ ︷︷ ︸
p times
, 1, · · · , 1︸ ︷︷ ︸
q times
) and completes the
proof. 
Theorem 3.3. In Fort space X the collection of all possible indicator sequences
of transformation groups (X,S) with h(X,S) = n < +∞ is:
Ξ :=
{
{(p0, · · · , pn) ∈ {0, 1}
n+1 : 0 = p0 ≤ p1 ≤ · · · ≤ pn = 1} X is infinite ,
{(0, . . . , 0)} X is finite .
In particular for infinite X , h(X,S) > 0.
Proof. Use Lemma 3.2, Lemma 3.1, definition of indicator sequence and the fact
that in a finite transformation group all points are minimal. 
Theorem 3.4. In Fort transformation group (X,S) suppose α = card{xS : x is
a minimal point} \ {bS} and β = card{xS : x is a non-minimal point} ∪ {bS},
then the indicator topological space of (X,S) is homeomorphic to disjoint union
of Yα, Zβ , where Yα is α under discrete topology and and Zβ is β under topology
{U ⊆ β : 0 ∈ U} ∪ {∅}.
Proof. Suppose
ϕ : {xS : x is a minimal point} \ {bS} → α
and
ψ : {xS : x is a non-minimal point} ∪ {bS} → β
are bijections with ψ(bS) = 0. Define η : {xS : x ∈ X} → Yα ⊔ Zβ with
η(xS) =
{
ϕ(xS) x is a minimal point and x /∈ bS ,
ψ(xS) x is a non−minimal point or x ∈ bS .
Using Lemma 3.1 it is easy to see that η : {xS : x ∈ X} → Yα ⊔ Zβ is a homeo-
morphism, where W := {xS : x ∈ X} considered with induced indicator topology
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{V ⊆ W : ∀x, y ∈ X (xS ∈ W ∧ yS ⊆ xS ⇒ yS ∈ W )}, which leads to the desired
result. 
Corollary 3.5. Using the same notations as in Theorem 3.4, in Fort transformation
group (X,S) with indicator sequence (0, · · · , 0︸ ︷︷ ︸
p times
, 1, · · · , 1︸ ︷︷ ︸
q times
) the indicator topological
space is homeomorphic to disjoint union of Yp−1, Zq. In particular, every two
Fort transformation groups with finite height and same indicator sequence, have
homeomorphic indicator topological spaces.
Corollary 3.6. For homeomorphism f : X → X let Tf := {f
n : n ∈ Z}, then:
1. the collection A := {h(X,Tg) : g : X → X is a homeomorphism } is equal
to: 

{0, 1, . . . , |X | − 1} X is finite ,
{1, 2, . . .} ∪ {∞} X is infinite countable ,
{∞} X is uncountable ,
2. for countable X the collection of all possible indicator sequences of (X,Tg)
for some homeomorphism g : X → X , is the same as the collection of all
possible indicator sequences of (X,S) for some group S,
3. for countable X the collection of all possible indicator topological spaces of
(X,Tg) for some homeomorphism g : X → X , is the same as the collection
of all possible indicator topological spaces of (X,S) for some group S.
Proof. 1. First suppose there exists homeomorphism g : X → X with h(X,Tg) =
n < +∞, so there are x0, . . . , xn ∈ X with {xTg : x ∈ X} = {xiTg : i = 0, . . . , n}.
Therefore (use Lemma 3.1):
X =
⋃
{xTg : x ∈ X}
=
⋃
{xiTg : i = 0, . . . , n}
= {f j(xi) : j ∈ Z, i = 0, . . . , n} ∪ {b}
and X is countable, so for uncountable X , A = {∞}.
Now suppose X = {x0, . . . , xn} is finite with n + 1 elements, then for all homeo-
morphism f : X → X we have h(X,Tf)+ 1 = |{xTf : x ∈ X}| ≤ |X |. Moreover for
i ≤ n, define permutation g : X → X with
g(x) =


x x ∈ X \ {xj : j ≥ i} ,
xj+1 x = xj ∧ i ≤ j < n ,
xi x = xn .
Then {xTg : x ∈ X} = {xTg : x ∈ X} = {{xi, xi+1, . . . , xn}} ∪ {{x} : x ∈
X \ {xj : j ≥ i}} and has exactly i + 1 elements, so h(X,Tg) = i, and in this case
A = {0, . . . , n}.
Finally suppose X is infinite countable. In this case {b} ⊂ X are two closed
invariant subset of (X,Tf) and h(X,Tf ) ≥ 1 (for all homeomorphism f : X → X).
Morever h(X,TidX ) = ∞. Consider i ∈ {1, 2, . . .} and choose i distinct points
b = x0, x1, . . . , xi−1 ∈ X and one-to-one sequence {yn}n∈Z with
{yn : n ∈ Z} = X \ {x0, x1, . . . , xi−1} ,
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then for homeomorphism g : X → X with
g(x) =
{
x x = x0, x1, . . . , xi−1 ,
yn+1 x = yn, n ∈ Z ,
we have {xTg : x ∈ X} = {{x0}, {x1}, . . . , {xi−1}, {yn : n ∈ Z} ∪ {b}} has exactly
i+ 1 elements and h(X,Tg) = i, which completes the proof of item (1).
2. For finite X and Group S with h(X,S) = i the only possible indicator sequence
is (0, · · · , 0︸ ︷︷ ︸
i+1 times
) with i ≤ |X |−1, using the same method described in the proof of item
(1), for all i ≤ |X | − 1 there exists bijection (homeomorphism) g : X → X with
h(X,Tg) = i and indicator sequence (0, · · · , 0︸ ︷︷ ︸
i+1 times
).
Now suppose X is infinite countable and for p, q ≥ 1 choose distinct points b =
x1, x2, . . . , xp ∈ X and disjoint one-to-one sequences {y
1
n}n∈Z, . . . , {y
q
n}n∈Z with
{yjn : 1 ≤ j ≤ q, n ∈ Z} = X \ {x1, . . . , xp}. Define homeomorphism g : X → X
with:
g(x) =
{
x x = x1, x2, . . . , xp ,
yjn+1 x = y
j
n, n ∈ Z, 1 ≤ j ≤ q ,
using a similar method described in the proof of Lemma 3.2 we have h(X,Tg) = p+
q−1 and (0, · · · , 0︸ ︷︷ ︸
p times
, 1, · · · , 1︸ ︷︷ ︸
q times
) is the indicator sequence of (X,Tg). Using Theorem 3.3
we have the desired result.
3. Use item (2) and Corollary 3.5. 
4. Indicator sequences and indicator topologies of Fort
transformation semigroups with finite height
In this section we characterize and study indicator sequences and indicator topolo-
gies of Fort transformation semigroups. Finally we complete the text with coun-
terexamples comparing our results on Fort transformation groups and Fort trans-
formation semigroups.
Theorem 4.1. For finite topological space W , the following statements are equiv-
alent:
1. there exists transformation semigroup (K,H) with finite discrete K, whose
indicator topological space and W are homeomorph,
2. there exists Fort transformation semigroup (X,S) whose indicator topolog-
ical space and W are homeomorph,
3. there exists transformation semigroup (Z, T ) whose indicator topological
space and W are homeomorph.
Proof. “(3) ⇒ (1)” Suppose there exists transformation semigroup (Z, T ) whose
indicator topological space and W are homeomorph. Let K := {xT : x ∈ Z} with
discrete topology (note that |K| = |W | <∞), and H := {f ∈ KK : ∀w ∈ K (wf ⊆
w)}. Then it is clear that K is a semigroup of self-maps on K (under the operation
of composition) containing identity map of K, moreover:
(*) ∀k ∈ K kH = {w ∈ K : w ⊆ k} ,
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consider ψ : {xT : x ∈ Z} → {kH : k ∈ K}
k 7→kH
, it’s evident that this map is onto. For
x, y ∈ Z we have:
ψ(xT ) = ψ(yT ) ⇒ xT H = yT H
⇒ xT ∈ yT H ∧ yT ∈ xT H
by (∗)
⇒ xT ⊆ yT ∧ yT ⊆ yT
⇒ xT = yT
and ψ is one-to-one. Moreover, for A ⊆ {xT : x ∈ Z} we have:
A is an open subset of indicator topological space of (Z, T )
⇔ ∀xT ∈ A ∀yT ⊆ xT yT ∈ A
⇔ ∀ψ(xT ) ∈ ψ(A) ∀ψ(yT ) ⊆ ψ(xT ) ψ(yT ) ∈ ψ(A)
⇔ ∀kH ∈ ψ(A) ∀lH ⊆ kH lH ∈ ψ(A)
⇔ ψ(A) is an open subset of indicator topological space of (K,H)
Thus indicator topological spaces of (Z, T ) and (K,H) are homeomorph, which
completes the proof. 
Corollary 4.2. For finite sequence (p0, . . . , pn) of integers the following statements
are equivalent:
1. there exists finite discrete transformation semigroup (K,H) whose indicator
sequence is (p0, . . . , pn),
2. there exists Fort transformation semigroup (X,S) whose indicator sequence
is (p0, . . . , pn), and W are homeomorph,
3. there exists transformation semigroup (Z, T ) whose sequence is (p0, . . . , pn).
Proof. “(3) ⇒ (1)” Suppose there exists transformation semigroup (Z, T ) whose
indicator sequence is (p0, . . . , pn), using Theorem 4.1 there exists finite discrete
transformation semigroup (K,H) whose indicator topological space and indicator
topological space of (Z, T ) are homeomorph (note that the indicator topological
space of (Z, T ) has h(Z, T ) + 1(< ∞) elements). Since they have homeomorphic
indicator topological spaces, they have the same indicator sequence (use [1, Note
5.13]). 
Theorem 4.3. For self-map f : A→ A let Sf := {f
n : n ≥ 0}. For finite sequence
(p0, . . . , pn) of integers the following statements are equivalent:
1. there exists finite discrete space K and f : K → K such that (p0, . . . , pn)
is the indicator sequence of (K,Sf ),
2. there exists Fort space X and continuous map f : X → X such that
(p0, . . . , pn) is the indicator sequence of (X,Sf ),
3. p0 = 0 and for all i ∈ {1, . . . , n} we have 0 ≤ pi − pi−1 ≤ 1.
Moreover the collection of all sequences like (p0, . . . , pn) such that p0 = 0 and
0 ≤ pi − pi−1 ≤ 1 for all i ∈ {1, . . . , n}, has 2
n elements.
Proof. “(2) ⇒ (3)” Suppose (p0, . . . , pn) is the indicator sequence of (X,Sf ) Fort
space X and continuous map f : X → X , then there exist x0, . . . , xn ∈ X with
p0 = h(x0Sf ) ≤ · · · ≤ pn = h(xnSf ) and {xSf : x ∈ X} = {xiSf : 0 ≤ i ≤ n}
has exactly n+1 elements. Moreover since (X,Sf) has minimal elements, we have
p0 = 0. Now suppose pi = h(xiSf ) > 0, then we have the following cases:
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• xiSf = {xif
n : n ≥ 0} = {xi, xif, . . . , xif
k} has exactly k + 1 elements,
in this case xiSf = xiSf and since h(xiSf ) > 0, xiSf is not minimal.
Thus xi is not a periodic point of f . So {xif, . . . , xif
k} not only is a
closed invariant proper subset of {xi, xif, . . . , xif
k} but also it contains all
of closed invariant proper subsets of {xi, xif, . . . , xif
k}. Thus h(xifSf ) =
h({xif, . . . , xif
k}) = h({xi, xif, . . . , xif
k})−1 = pi−1. Therefore pi−1 ∈
{h(xSf ) : x ∈ X} = {p0, . . . , pn}, using p0 ≤ p1 ≤ · · · ≤ pn, there exists
j < i with pj = pi − 1 ≤ pj+1 ≤ · · · ≤ pi which leads to 0 ≤ pi − pi−1 ≤ 1.
• xiSf = {xif
n : n ≥ 0} is infinite. In this case {xif
n}n≥0 is a one-to-one
sequence and {xifnSf}n≥0 (= {{xif
k : k ≥ n} ∪ {b}}n≥0) is a one-to-one
decreasing sequence of closed invariant subsets of xiSf , which leads to the
contradiction pi = h(xiSf ) =∞.
Using the above two cases we have 0 ≤ pi − pi−1 ≤ 1.
“(3) ⇒ (1)” Consider 0 = p0 ≤ p1 ≤ · · · ≤ pn with 0 ≤ pi − pi−1 ≤ 1 for all
i ∈ {1, . . . , n}, and discrete space K = {x0, . . . , xn} with n + 1 elements. Define
g : K → K with:
g(x) =
{
x x = xi, pi = 0, i ∈ {0, . . . , n} ,
xt x = xi, pi > 0, t = max{j : pj < pi}, i ∈ {0, . . . , n} ,
we prove the indicator sequence of (K,Sg) is (p0, . . . , pn), for this aim we use the
following two claims:
Claim 1. For all i ∈ {0, . . . , n}, h(xiSg) = h(xiSg) = pi. Consider i ∈ {0, . . . , n}, if
pi = 0, then xiSg = xiSg = {xi} and it’s evident that h(xiSg) = 0 = pi. Suppose
pi > 0 and for all j < i we have h(xjSg) = pj , moreover t = max{j : pj < pi},
then xiSg = xiSg = {xi} ∪ xtSg also it’s clear that for all k, j ∈ {0, . . . , n} with
g(xj) = xk we have k ≤ j, hence xi /∈ {x0, . . . , xt} ⊇ xtSg. Now using h(xtSg) = pt
the collection {xSg : x ∈ xtSg} has pt + 1 elements. Thus {xSg : x ∈ xiSg} =
{xSg : x ∈ xtSg} ∪ {xiSg} has pt + 2 = pi + 1 elements and h(xiSg) = pi.
Claim 2. For distinct s, t ∈ {0, . . . , n}, we have xsSg 6= xtSg. Consider s, t ∈
{0, . . . , n} with s < t. Since for all k, j ∈ {0, . . . , n} with g(xj) = xk we have k ≤ j,
we have xtSg \xsSg ⊇ {xt} \ {x0, . . . , xs} = {xt}, which leads to the desired result.
Using Claim 2, {xSg : x ∈ K} = {xSg : x ∈ K} = {xiSg : 0 ≤ i ≤ n} has n + 1
elements, which completes the proof by Claim 1. 
Counterexample 4.4. Using Corollary 3.5 and Theorem 4.1, for topological space
W := {1, 2, 3} with topology τ := {{1}, {1, 2}, {1, 2, 3},∅}:
• there is not any Fort transformation group whose indicator topological
space is homeomorph with (W, τ),
• there exists a Fort transformation semigroup whose indicator topological
space is homeomorph with (W, τ).
Using Theorem 3.3 and Corollary 4.2:
• there is not any Fort transformation group whose indicator sequence is
(0, 1, 2),
• there exists a Fort transformation semigroup whose indicator sequence is
(0, 1, 2) (and its indicator topological space is homeomorph with (W, τ)).
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